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Abstract 

There is a well-known problem about isospectrality of Riemannian manifolds: whether 
isospectral manifolds are isometric. In this work we give an answer to this problem for 
compact flat 3-manifolds. 

1 Introduction 

This paper deals with spectra of the Laplace-Beltrami operator A = — div grad on 
compact Riemannian manifold without boundary. Let us say that two manifolds M and 
M' are isospectral if their spectra of the Laplace-Beltrami operator on manifolds M and M' 
coincide. 

There is a well-known problem about isospectrality of Riemannian manifolds: whether 
isospectral manifolds are isometric. In article Kac framed this problem in the question, 
"Can one hear the shape of a drum?" The answer is negative in general. (See |i2|j for more 
information). 

The first example of such manifolds was given by Milnor [3] in 1964. He constructed a 
pair of 16- dimensional isospectral non-isometric flat tori. In 1972 McKean |3] showed that 
the cardinality of a set of isospectral non-isometric compact Riemann surfaces is always 
finite. In 1985 Sunada jSj discovered a general way of constructing pairs of isospectral non- 
isometric Riemannian manifolds. Using a new method in 1988 Brooks [Hj independently of 
Berger, Gauduchon and Mazet proved that any two 2-dimensional flat tori are isospectral 
if and only if they are isometric. In 1990 Schiemann |H| constructed a pair of 4-dimensional 
isospectral non-isometric flat tori. In 1992 Conway and Sloane [HI constructed a simple 
4-parameter family of pairs of isospectral 4-dimensional lattices. Then in 1997 Schiemann 
|l()j proved that any two 3-dimensional fiat tori are isospectral if and only if they are iso- 
metric. Recently, author [TT] independently of Berger, Gauduchon and Mazet proved 
that any two fiat Klein bottles are isospectral if and only if they are isometric. The main 
results and definitions concerning spectral theory of the Laplace-Beltrami operator defined 
on Riemannian manifold can be found, for example, in Buser [12] . 

In this paper we give an answer to this problem for compact fiat 3-manifolds. It is 
known ^3] that there are 10 classes of pair-wise non-homeomorphic compact fiat 3-manifolds 
(6 classes are orientable and 4 classes are non-orientable). Let Mi,...,Mq denote the 6 
compact orientable fiat 3-manifolds and Ni, . . . , denote the non-orientable ones in the 
order given in ^H]- To describe the spectrum of manifold M we use the trace function of 

*The research was partially supported by the Russian Foundation for Basic Research (grant 03-01- 
00104), the State Program of Support for Leading Scientific Schools (grant 300.2003.1), and INTAS (grant 
03-51-3663). 
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the manifold M ti{HM) = HM{x,x,t) dM, where HM{x,y,t) is a fundamental solution 
of the heat equation on M, dM is the volume element. Using a method developed in ^T] 
we have the following theorems. 

Theorem A. The trace function of each compact fiat 3-manifolds Mi, . . . , Mg, Ni, . . . , iV4 
can be computed explicitly: tr{HMj = Fi for each manifold M^, i = 1, . . . , 6 and tr{H^-) = Pj 
for each manifold Nj, j = 1, ... ,4, where the functions Fi and Pj are given in section 6, 
Table 1. 

Theorem B. Any two homeomorphic compact flat 3-manifolds are isospectral if and only if 
they are isometric. 

Theorem C. There is a unique family of pairs of isospectral non-homeomorphic flat 3-ma- 
nifolds which consists of manifolds M4 and Mq . 

Remark. In order to prove Theorem A in case of Mi (3-dimensional flat torus) we use an 
explicit formula for the trace function of Mi obtained in 0. To prove Theorem B in case 
of Ml we use a result obtained in (TU]. AH other cases are proved using completely different 
methods. 

In order to prove Theorem A we use a relationship between the fundamental solutions 
of the heat equation on manifold M and on regular covering of this manifold M (Lemma Ej). 
To prove Theorem B we use Theorem A and the following statements: 

(i) Spectrum of the manifold M determines exactly the trace function Ii^Hm) and, 
conversely, spectrum of the manifold M can be determined by the trace function tr(ifjv/) 
(Proposition 121 and Proposition H}. 

(ii) The compact flat 3-manifold M can be determined up to isometry by the trace 
function tr(ifM) (Lemma El) • 

Theorem C follows immediately from Theorem A. 

Throughout this paper we use |T21 and [T2j for standard references. Section 2 contains 
preliminaries. Section 3, Section 4 and Section 5 contain the proof of Theorem A, Theorem B 
and Theorem C correspondingly. Section 6 contains the table of trace functions ti^HM) and 
the fundamental sets of compact flat 3-manifolds. Results of this work are the subject of 
master thesis "Isospectral fiat 3-manifolds" defended by the author at Novosibirsk state 
university in 2002. However, as this work was being written, we found that similar results 
were obtained independently in recent preprints ^31 and [T^ . 

Acknowledgements. I wish to thank my scientific supervisor Prof. Alexander D. Mednykh 
for introducing this problem to me and for continuous encouragement. 

2 Preliminaries 

In this section we will briefly summarize some of the basic facts about compact flat 3-manifolds 
(see for details) and about spectral theory of the Laplace-Beltrami operator A = — div grad 
defined on compact Riemannian manifold without boundary (see jT21 for details). 

2.1 Compact flat 3-manifolds 

Let E{n) denote the group of rigid motions of M" . Every rigid motion consists of a translation 
ta by a vector a followed by a rotation A. Write the motion [A, to)- Clearly A is an element 
of 0{n) and a is an arbitrary vector in M". Thus the Euclidean group E[n) is the semi-direct 
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product of 0{n) and satisfying the following product rule: 

{A,ta){B,h) = {AB,tAb+a). 

Definition 1. A flat compact connected n-manifold M" is the orbit space of M" by the fixed 
point free properly discontinuous action of a discrete subgroup F G E{n), M" = R'^/F. It 
admits a covering by the torus T" = ]R"/F*, where F* is a normal subgroup of rank n of 
a finite index, F* < F. Moreover, one can choose F* = F fl M". We note also (see ^3 
chapter 3]) that F has no non-trivial element of finite order. 

Definition 2. The group of deck transformations \1/ in the covering T" is called the 

holonomy group of M", \1/ = F/F*. 

The following results can be found in |13j . 
Theorem 1. There are just Q affine diffeomorphism classes of compact connected orientable 
flat 3-manifolds. They are represented by the manifolds R^/F where F is one of the six groups 
Mi given below. Here A is the translation lattice, {01,02,03} are its generators, ti = ta^, and 
\E' = F/F* is the holonomy. 

Ml. \1' = {1} andr is generated by the translations {^1,^2,^3} with {oj} linearly independent. 
M2. \E' = Z2 and F is generated by {cy,ti,t2,t3} where c? = ti, at2a~^ = t2^ and 

at^a^^ = t^^ ; ai is orthogonal to 02 and 03 while a = {A,ta-i/2) with A(ai) = ai, 

A{a2) = -a2, A^as) = -03. 
M3. \1/ = Z3 and F is generated by {«, ti, ^2, i^s} where = ti, at2<y~^ = t^ and 

at^a^^ = t2^t^^ ; ai is orthogonal to 02 anda^, \ \a2\ \ = II03II and {02, a^} is a hexagonal 

plane lattice, and a = (^,^0^/3) with A{ai) = ai, A{a2) = 03, ^(03) = —02 — 03. 

M4. \E' = Z4 and F is generated by {a, ti, ^2? i^s} where = ti, at2a~^ = t^ and 

at3a^^ = t2^; Oj are mutually orthogonal with \ \a2\ \ = \ \o-3\\ while a = {A,ta^/i) with 
A{ai) = ai, A{a2) = as, ^(03) = -02. 

M5. \E' = Zg and F is generated by {a, ti, t25 ^3} where = ti, at2a~^ = t^ and 

at^a'^ = t2^t3; oi is orthogonal to 02 anda^, \\a2\ \ = Wo-sW and {02,03} is a hexagonal 
plane lattice, and a = (y4,t(j^/e) with A{ai) = oi, ^(02) = 03, ^4(03) = — 03 — 02. 

Mq. = Z2 X Z2 and F is generated by {a, (3, 7, ti, t2, t^} where 7/3a = tit^ and o? = ti, 
at2a-^ = t2 \ at^a-^ = t^^; pt^p-' = t^\ (3^ = t2, pt^p-^ = t^^; 7^17-1 = t^\ 
1^21'^ = ^2^ ' 7^ = ^3/ the Oj are mutually orthogonal and 
a = (A, 4^/2) with A{ai) = oi, ^(02) = -02, ^(03) = -03; 
P = {B,t(^a2+a3)/2) with B{ai) = -oi, 5(02) = 02; 5(03) = -03; 

7 = {C,t{ai+a2+as)/2) With C(Oi) = -Oi, C(o2) = -02, C(o3) = O3. 

Theorem 2. There are just 4 afflne diffeomorphism classes of compact connected non- 
orientable flat 3-manifolds. They are represented by the manifolds M^/F where F is one of 
the 4 groups Ni given below. Here A is the translation lattice, {01,02,03} are its generators, 
ti = ta^, ^' = F/F* IS the holonomy, and Fq = F n S0{3) ■ so that R^/Tq /T is the 
2-fold orientable Riemannian covering. 

Ni. \E' = Z2 andV is generated by {^,^1,^2,^3} where = ti, et2S~^ = t2 and et-^e^^ = t^^ ; 

Oi and 02 are orthogonal to 03 while e = (i?,t(j^/2) with E{ai) = Oi, -£^(02) = 02, 

Ei^os) = — 03. Fq is generated by {^1,^2,^3}- 
A^2- ^E' = Z2 and F is generated by {e, ti, ^2? ^3} where = ti, et2e~^ = ^2 o.nd 

et^e'^ = tit2^3^/ the orthogonal projection of on the {ai,a2)-plane is (oi + 02)/2, 

while e = {E,ta^/2) with E{ai) = Oi, -^(02) = 02, -£^(03) = Oi + 02 — 03. 
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Tq is generated by {^1,^25^3}- 
A^3. \E' = Z2 X Z2 and T is generated by {e, a, ti, t2, t^} where = ti, = t2, eae~^ = t2cx, 
at2a~^ = t2^, at^a^^ = t^^ , etis^^ = ti and et^e^^ = t^^ ; the ai are mutually 
orthogonal and 

a = {A,ta^/2) with A{ai) = ai, A{a2) = -a2, ^4(03) = -03; 
e = {E,ta2/2) with E{ai) = ai, £{02) = a2, £{03) = -03. 
To is generated by {a, ti, )f:2, ^3}- 
A'4. \& = Z2 X Z2 and r is generated by {e, a, ti, t2, t^} where = ti, = t2, eae~^ = ^2^3^; 
at2(y^^ = t2^, at^a^^ = t^^ , etie^^ = ti and et^e^^ = t^^ ; the at are mutually 
orthogonal and 

a = (A, t<jj/2) with A{ai) = ai, A{a2) = -02, ^(0.3) = -03/ 
e = {E,t^a2+a3)/2) with E{ai) = ai, £{02) = a2, E^as) = -03. 
To is generated by {a, ti, ^2, ^3}- 

Theorem 3. Let M be a compact flat 3-manifold, M = M'^/F. Then the following statements 
are hold. 

(i) If M is a torus Mi then all the possible isometry classes are parameterized by 
elements from SL{3,Z)\ GL+ (3 , M) /50(3) . 

(ii) If M is a manifold M2 then isometry classes can be parameterized by \\ai\\ and 
2-dimensional lattice {02, a^} generated by vectors 02 and 03. 

(iii) If M is a manifold M3, M4 and M5 then isometry classes can be parameterized by 
I |ai 1 1 and | I03I | . 

(iv) If M is a manifold Mq then the lattice A = {ai, 02, 03} is a right-angled one and all 
the possible isometry classes are parameterized by unordered set of three (||ai||, 11^211; II^ID- 

(v) If M is a manifold Ni, N2 then isometry classes are parameterized by pair {p, | |a3| |), 
where p is an element corresponding to 2-dimensional lattice {ai, 02} generated by vectors 
Oi and a2. 

(vi) If M is a manifold iV3,iV4 then the lattice A = {01,02,03} is a right-angled one 
and all the possible cases are parameterized by ordered set of three (||oi||, II02II, ||a3||)- 

It was shown by Luft and Sjerve in ^H] that compact flat 3-manifolds admit the 
foUowing hierarchy of (topological) coverings (see Fig. 1), where number next to arrow is the 
number of folds in the corresponding regular covering. We need the following well-known 
observation. 

Remark. Let vr : M' — > M be a topological covering and M is endowed with flat metric 
then this metric can be lifted to the flat metric on M' in such a way that vr becomes a local 
isometry. The inverse is not true: flat metic on M' is not necessary a lifting of flat metric 
on M via tt. 

2.2 Spectral theory of the Laplace— Beltrami operator 

In this section we will briefly give the main results concerning spectral theory of the Laplace- 
Beltrami operator deflned on Riemannian manifold. It can be found in fl2\ chapter 7]. 
Definition 3. Laplace-Beltrami operator (or laplacian for short) is an operator 

= -div grad/. 
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Figure 1: Hierarchy of (topological) coverings 



Let M be an arbitrary complete m-dimensional Riemannian manifold. The Laplace- 
Beltrami operator has the coordinate expression 



where dj denotes the partial differentiation with respect to the j-th coordinate; g = det{gij) 
is the determinant of the metric tensor, where the gij are the components of the metric 
tensor with respect to the local coordinates and the g^^ are the components of the inverse 
tensor. 

The function space in question is the Hilbert space L2{M) of square integrable func- 
tions / : M — > M on the compact connected unbordered Riemannian manifold M with inner 
product 



Jm 

where dM is the volume clement. 

Notation. Let A and B be smooth manifolds and let F = R or F = C. We denote by 
C^'^{A, B]¥) the set of all functions f : Ax B ^ ¥ whose mixed partial derivatives up to 
I times with respect to A and up to k times with respect to B exist and are continuous on 



Definition 4. Let M be any connected unbordered Riemannian manifold (M need not to be 
complete in this definition). A continuous function H = H{x, y,t) : M x M x [0, oo) ^ R is 
called a. fundamental solution to the heat equationon M if it belongs to C^'^(MxM, (0, oo); M) 
and satisfies the following conditions. 





AxB. 




(2) H{x,y,t) = H{y,x,t)- 
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Here A^^ is the Laplace-Beltrami operator with respect to the first argument of if, and the 
convergence in (3) is locally uniform in x for every continuous function / with compact 
support on M. 

Theorem 4. Let M be any m-dimensional compact connected Riemannian manifold without 
boundary. Then M has a unique fundamental solution Hm of the heat equation and 

(1) Hm e C^{M X M X (0, oo)); 

(2) ^ Hm{x, y, t) ^ CMt-"'/^ < t < 1, 
where the constant cm depends on M. 

Definition 5. The unique fundamental solution H]\j = HM{x,y,t) of the heat equation on 
M is called the heat kernel of M. 

Theorem 5 (Spectral theorem). Let M be a compact connected Riemannian manifold 
without boundary. The eigenvalue problem 

A(/? = Ay? 

has a complete orthonormal system of C°° -eigenfunctions ipo, ipi, . . . in L2{M) with corre- 
sponding eigenvalues Aq, Ai, . . . . These have the following properties. 

(1) = Ao < Ai ^ A2 ^ . . . , A„ ^ 00, n ^ cxd; 

00 

(2) HM{x,y,t) = J2(^~^"'Mx)fn{y), 

n=0 

where the series converges uniformly on M x M for each t > 0. 

Definition 6 (Spectrum of the manifold). The set {A„}^q of eigenvalues of the Laplace- 
Beltrami operator A = — div grad on Riemannian manifold M, together with the multipli- 
cities with which they occur, is called the spectrum of manifold M. 

Definition 7. Let / : M — > M be a continuous function. A continuous function u = u{x, t) : 
Mx [0, 00) — > M is called a solution of the heat equation for the initial condition u{x , 0) = f{x), 
if M e C^'-^(M, (0, 00); M) and if u satisfies the heat equation 

1. ^ = -A.«; 

2. u{x,0) = f{x), xeM. 

Lemma 1. Let Hm = HM{x,y,t) be a fundamental solution to the heat equation on M and 
let f : M ^ M. be a continuous function. The function 

uix,t):= [ HMix,y,t)f{y)dM{y), t > 0, 

J M 

has a continuous extension to function u{x,t) : M x [0, 00) —>■ M, which is a solution to the 
heat equation with initial condition u{x, 0) = f{x). 

3 The proof of Theorem A 

Let Ml, . . . , Mq denote the 6 compact orientable flat 3-manifolds and Ni, . . . , N4 denote 
the non-orientable ones in the order given in section |21 Fundamental sets of manifolds 
Ml, . . . , Mg, A'^i, . . . , A^4 are shown in section 6, Fig. 2-11 correspondingly. 
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Suppose that / : M' — * M is a covering. Such a manifold M' is determined by a sub- 
group TTi (M') of the fundamental group tti (M) . When tti (M') is a normal subgroup of tti (M) , 
/ : M' — > M is said to be a regular covering, and the quotient group G = tti{M)/7Ti{M') 
acts on M' as a group of isometries of M'. The group G is called the covering group. In 
order to prove Theorem A we need the following 

Lemma 2 (0 p. 826]). Let f : M' ^ M be a regular covering and G = ni{M) /-ki{M') be 
a covering group. Then 

HM{x,y,t) = ^HM'ix,gy,t), 

where x and y are any inverse images of x and y under the covering f : M' — ^ M. 

Proof. It is evident that the right-hand side satisfies all the conditions of the definition of 
the fundamental solution to the heat equation. The lemma now follows from the uniqueness 
statement (Theorem □ 

In the following, A = {i = mi£i + m2i2 + "^s-^s, rui E Z , £i E R^, i = 1,2,3} 
will always be a lattice for 3-dimensional flat torus Mi = M^/A, vol(M) — the volume 
of the manifold M with respect to the Riemannian metric and M* will always denote the 
fundamental set of the manifold M. 

Theorem A. The trace function of each compact fiat 3-manifolds Mi, . . . , Mg, A''i, . . . , A4 
can be computed explicitly: tr{HM,) = Fi for each manifold Mi, z = 1, . . . , 6 and tr{H]^^) = Pi 
for each manifold Ni, i = 1, ... ,4, where the functions Fi and Pj are given in section 6, 
Table 1. 

Proof. Now we give here a sketch of the proof. Assume that the fundamental set of the 
manifold M is formed by such vectors that the fundamental set of the fiat torus Mi regular 
covering the manifold M is formed by vectors £1, £2 and £3. Using a relationship between 

the heat kernels on manifold M and on regular covering of M (Lemma ^ and properties 

00 ^ 

of the Euler-Poisson integral J e~* dt = -^/tF we obtain an explicit formula for the trace 

—00 

function ti{HM)- 

We prove Theorem A in case of Mi and M2. Other cases are proved similarly. 
3.1 Manifold Mi (flat torus) 

Proposition 1. The heat kernel of Mi, where y = x, has the following expression. 



i^A/.(x,x,t) = -^5^e-l^l'/^ xEMi. 



(47rt)3 

Proof. Let us consider the universal covering of the fiat torus ^ Mi. It is known that 

H^,{x,y,t) = -\je-\''^y\"/'\ x,yER'. 

It follows from Lemma |21 that 
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where a; G is any inverse image of a; G Mi under the covering M'^ Mi . 

Proposition HI is now proved. □ 

Then using Proposition ^ we have 

This proves Theorem A in case of Mi. 
Remark. Theorem A in case of 3-dimensional flat torus Mi is proved by Brooks jHj . 



3.2 Manifold M2 

Assume that the fundamental set of the manifold M2 is formed by linearly independent 
vectors £i/2, £2 and £3 (see §6, Fig. 3). From Theorem [H in case of M2 we see that £1 is 
orthogonal to £2 and £3. Let (f be an angle between £2 and £3, where < (f < n. 

Proposition 2. The formula for the heat kernel of M2, where y = x is as follows. 

HmA^. X, t) = ( e-l^lV- + e-l-z^^+^l^/-) , 

(47rt)2V^ ^ J 



where x G M2 and z is any inverse image of x under the coverings Mi ^ M2 and (3 

acts on as follows 

(3 z = Az + £1/2, 2GM^ 

where 

A = I -1 I , €1/2 





Here A is a matrix with respect to the orthonormal basis Si = (1,0,0), 62 = (0,1,0), 
eg = (0,0,1) and £i/\£i\ = ei. 

Proof. Now we consider the two- fold covering Mi M2 and covering group G = 7ri(Af2)/7ri( Mi ) . 
Observe that 

7ri(M2) = 7ri(Mi) U a7ri(Mi), 
where a acts on Mi as follows (see Theorem ^ in case of M2) 

ax = Ax + C,, X & Ml, 

where 

A = 1 -1 I , e 





Here A is a matrix with respect to the orthonormal basis ei = (1,0,0), 62 = (0,1,0), 
63 = (0,0, 1). Geometrically, a identifies left and right faces of the fundamental set of M2 
with rotation through vr (Fig. 3). 
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From Lemma 121 we see 

Hm-, (x, X, t) = ^ i^Mi (5, gx, t) = Hm^ (x, X, t) + i^Mi (5, , i^) , 

„ 2 

where x is any inverse image of x under the covering Mi — * M2. 

Let us consider the universal covering of the flat torus — » Mi. From Lemma El and 
Proposition m we have 



(47rt) 



|{2)-{Q5)+^P/4t 



where x G Mi and (x) G is any inverse image of x under the covering M^/A = Mi. 

Observe that ax = ax, where a acts on as follows 

5x = Ax + ^, X G M^. 

Now letting z = x and (3 = a proves Proposition |2l □ 

From Proposition 121 we have 



tr(ifM2) = / HM2ix,x,t)dx 

J Ah 

Throughout this proof we work with respect to the orthonormal basis ei, 62 and 63. 
Assume that x = (xi,X2,X3). The following are easy to verify: 

i = {iim, + cos ip, ki^ sin yj); /3x = (xi + ii/2, — X2, — X3); 

1 (2) 
\x - px + = {m + -fij + (2x2 + ni2 + kis cos (ff + (2x3 + kis sin v?)^ 

Here we have used that £i/\£i\ = ei, ^2/1^2! = ^2 and ip is an angle between £2 and £3. 

Define the volume of M2 as vol(M2) = dx, where dx = dxidx2dx^. Note that 
vol(M2) = vol(M2) since Mg is a fundamental set of M2. It follows from ((H) and that 



V0l(M2_; ^ |£|2/4i 
/2 Z^^ 

^1/2 



. vol(M2) ^ 



I ^1/^ g-(m+j;)2<;?/4t g-[(2a;2+n£2+H3Cos</p)2 + (2a;3+M3sm¥>)2]/4t^^^^^_^^ 

^ ^ meZ n,k&''^ 



h 
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where i^' is a parallelogram spanned by vectors £2 and €3. 

Observe that integration in Ji over K can be changed by the integration over rec- 
tangle R with sides of length £2 and £3 sin ip. Integral Ji can be represented by Fubini's 

theorem as a product of integrals. It is easy to verify using properties of the Euler-Poisson 

00 

integral J e~* dt = that 

—00 



■ £3 sin ip 



" 1 sin ip 



Hence, 

Theorem A in case of M2 is now proved. 

□ 



4 The proof of Theorem B 

Theorem B. Any two homeomorphic compact flat 3 -manifolds are isospectral if and only if 
they are isometric. 

The proof is based on the following propositions and Lemma El To describe the spec- 
trum of the manifold M we use the trace function of M 

ii{HM)= I HM{x,x,t)dM, 

J M 

where HM{x,y,t) is a fundamental solution to the heat equation on M, dM is the volume 
element. 

Proposition 3. Let M be a compact connected Riemannian manifold without boundary. 
Then the trace function tr{HM) is determined exactly by the spectrum of the manifold M. 

Proof. By spectral theorem (Theorem IHl) we have 

/oo 00 « 00 

e~^-'ipn{x)Mx) dM = Y e"^"* / Vn{x)^n{x) dM = Y e"^"*, 
^ ^ 71=0 n=0 n=0 

since (y9o,v9i, . . . are orthonormal in L2{M). Here {<y9„}^Q is again a complete orthonormal 
sequence of eigenfunctions of the Laplace-Beltrami operator on the compact Riemannian 
manifold M without boundary and = Aq < Ai ^ A2 ^ . . . is the corresponding sequence of 
eigenvalues. Proposition IHl is now proved. □ 

Proposition 4. Let M be a compact connected Riemannian manifold without boundary. 
Then the trace function tr^Hu) determines exactly the spectrum of the manifold M . 
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Proof. Let {Xn}^=o be a sequence of eigenvalues of the Laplace-Beltrami operator on M. 
By spectral theorem (Theorem Ej) we have = Aq < Ai ^ A2 ^ . . . . Thus, Aq = with 
multiplicity 1. Assume that Ai, . . . , A^ have been found with their multiplicities. Then from 
Proposition El we see that A^+i is the largest value A such that 

tT{HM) - E e-^-' 



F(X) = lim ^ < 00, 



where F{\) is the multiplicity of A^+i. This proves Proposition HI □ 

Remark. Observe that the previous procedure in Proposition |3] of finding A^ in consecutive 
order is similar to the procedure of finding coefficients in Taylor series. Here we find coeffi- 
cients at exponents and in contrast to Taylor series we find powers of exponents. Also one 
can see that the proof of Proposition 0] is similar to the proof of Ruber's theorem, where a 
similar procedure is used (see [121 chapter 9]). 

Lemma 3. Let M be a compact flat 3 -manifold. Then the trace function tr{HM) determines 
up to isometry the corresponding manifold M. 

Proof. The proof is based on the following. Assume that the trace function of the fiat 
3-manifold ii{HM) is given. The manifold M is determined up to isometry by its fundamental 
set. From Theorem 01 we know which parameters determine the fundamental set of the 
corresponding manifold M. Then using a similar procedure as in Proposition HI we find 
all these parameters from the trace function ii{HM)- Using Theorem A we observe that 
the trace function ti{HM) determine a volume of the corresponding manifold M, namely, 
Vol(M) = (47r)i hm titr(iJA/). 

Thus, from ii{HM) we find the fundamental set of the corresponding manifold M and, 
consequently, we determine up to isometry the manifold M. 



4.1 Manifold M2 

We assume as in section IHl that the fundamental set of the manifold M2 is formed by linearly 
independent vectors €i/2, £2 and £3 (see §6, Fig. 3). Observe that isometry classes of M2 
are parameterized by vol(M2), = £1 and 2-dimensional lattice A2 = {-^2, -^3} generated 
by vectors £2 and £3 (Theorem EJ. Now we find all these parameters from the trace function 

(1) Using Theorem A we show that ti^HM-i) determines exactly ii. Let 

^ (4.«)3/'^tr(g„ )-vol(M.) 

Hence, 

F(A) = ^hm (vol(M2) (2e'-''-''^^/'' + 2e^''-''^^/'' + ■ ■ ■) +2nthJ2(^^^^^^^ 
We find Xmax — the largest positive value A such that -F(A) < 00. If F{Xmax) 7^ then 



00 



(47rt)3/2 



k=l 
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again we find Xmax — the largest positive value A such that F{\) < oo. If Xmax is such that 

F{Xmax) = then Xmax = ^l/2. 

(2) Now we show that tii^HMi) determines the plane lattice {£2, Let 



(47rt)3/2tr(iJMj -vol(M2)(l+ ^ e-'"'^?/^*) - 27rt ^ e-^rn+\?f:i/u 



Fi{X) = lim 



t->+0 e-A2/4t 



Hence, 



Fi(A) = hm (vol(M2) (2e(^'-^')/^* + 2e("'-^i)/^* + 4e^^^'-(^f+m/^t 

+ 2e(^^"(^2+^3-2'?2^3Cosvp))/4t _^ ^g(A2-(<?2+£2+£i+2^2f3Cos<^))/4t _^ . . .-J j 

where ip is an angle between £2 and €3, < < vr. 

We find Xmax — the largest positive value A such that Fi{Xmax) < oo and then 

again we find the next Xmax- Using this procedure we determine that 

A2 = {A I Fi(A) = 2vol(M2)}. 

It is known JH] that the plane lattice is determined up to isometry by its shortest length, 
the shortest length of a linearly independent lattice points, and the area of the parallelogram 
they span. Since we can determine the area S of the parallelogram spanned by £2 and £3 as 
S = vol (M2)/ (£1/2) then the fundamental set of M2 is determined from the tT{HM2), this 
proving Lemma El in case of M2. 



4.2 Manifold M4 

We assume that the fundamental set of the manifold M4 is formed by linearly independent 
vectors £i/4:, £2 and £3 (see §6, Fig. 5). Observe that isometry classes of M4 are parame- 
terized by vol(M4) and ii = \£i\ (Theorem IH)). Now we show that ti{HM4) determines these 
parameters. 

Using Theorem A we show that tr(iJAf^) determines exactly ii. Let 
F(A) = lim (4^^)'/'tr(i7Mj - vol(M4) 



Hence, 



F(A) = ^hm (vol(M4) (2e(^'-^?)/^* + Ae^''-''^^^' + ■ ■ ■ ) 



meZ neZ 
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We find Xmax — the largest positive value A such that F{X) < oo. 
If F{\^ax) ^ then 

again we find Xmax — the largest positive value A such that F{X) < oo. If F{Xmax) = then 
we determine ii from ti (HMi), moreover, observe that Xmax = ^i/4. 

Thus, the trace function trlHM^) determines the fundamental set of M4 and, therefore, 
the manifold M4 up to isometry. Lemma El in case of M4 is now proved. 



4.3 Manifold Mq 

Assume that the fundamental set of the manifold Mg is formed by linearly independent 
vectors £i/2, l^jl and Iz (see §6, Fig. 7). From Theorem [T] in case of Mg we see that 
^i, i = 1,2,3 are mutually orthogonal and let ii = (£i,0,0), £2 = (0,£2,0), £3 = (0,0,^3) 
with respect to the orthonormal basis ei, 62, 63. 

Observe that the fundamental set of 3-dimensional fiat torus Mi covering the manifold 
Mg is formed by vectors £1, £2 and £3 (see §6, Fig. 7) and isometry classes of Mg are 
parameterized by the unordered set of three {ii, £2, ^3} (Theorem IH}. Now we find all these 
parameters from the trace function tr(if^/g). 

Now we show using Theorem A that tr(ifj\,/j.) determines ii, £2 and £3. Let 

Hence, 



F{X) = hm (vol(M6)(2e(^'-^?)/^* + 2e(^'-^')/^* + 2e^^ 

+ ret (£1 e(^'-("+^)'^?)/^* 

We find Xmax — the largest positive value A such that -F(A) < 00. 
If F{Xmax) 7^ then 

VOl(Mg)^ _,2,2 



tr(ifMj:-tr(i/.,)-2=$:e 



(47rt)3/2 



k=l 

again we find Xmax- 

If F{Xmax) = then Xmax = niin{£i/2, £2/2, £3/2} . Recall that we find £i, £2 and £3 in 
any order (see Theorem E}. Knowing Xmax, we put 



nt 



and then determine the second lowest value of {£i/2, £2/2, £3/2} and so on. In this way we 
will find the unordered set of three {£1, £2, £3}. 

Thus, the trace function ii^HMa) determines the fundamental set of Mg and, therefore, 
the manifold Mg up to isometry. Lemma El in case of Mg is now proved. 
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4.4 Manifold N2 

Assume that the fundamental set of the manifold N2 is formed by linearly independent 
vectors £i/2, £2 and £3 (see §6, Fig. 9). From Theorem |21 in case of N2 we see that the 
orthogonal projection of £3 on the (£1, £2) - plane is {£1 + £2)/2. Let 

£1 = (4,0,0), 

£2 = (4 cos if, £2 sin (p, 0), 

1 1 

£3 = {^{h + i2 cos ip),- £2 sin (p,h) 

with respect to the orthonormal basis Ci, 62, 63, where (p is an angle between £1 and £2, 
< ip < TT, h is a. projection of £3 on 63. 

Observe that the fundamental set of 3-dimensional flat torus Mi covering the manifold 
N2 is formed by vectors £1, £2 and £3 (see §6, Fig. 9) and isometry classes of N2 are 
parameterized by h and the plane lattice {-^i, £2} generated by vectors £1 and £2 (TheoremE)). 

Now we find as in previous cases all these parameters from the trace function tilHNi)- 
We will show that ti^HN^) determines h = vol{N2)/S, where S = £1^2 sin and the plane 
lattice {£i,£2}- First, we determine S = £1^2 siny^ — the area of the parallelogram spanned 
by £1 and £2 and then h = yoI{N2)/S. Second, we determine the plane lattice {£i,£2}. 

(1) Determine 5* = £1^2 sin p> using the following limit 

F{X)= hm i^^tf^MHN,)-^ol{N2) 



t-.+o e-AV4t 
Hence, 

F{X) = hm (vol(iV2) (2e("'-^?)/^* + 2e(^'-^2)/4* + 2e("'-^i)/^* + ■ ■ ■ ) 



I V 7rt£i£2 sin (y? y-v g(A2-((^i(m+i)+n£2Cos</p)2 + (n^2Sinv:.)2))/4i 



2 

m, n& 



7TUii2 sm ip ^(A2_((£,m+(„+ 1)^2 COS ^)2 + ((n+|K2 sin ¥^)2))/4i 



2 ^ 

We find Xmax — the largest positive value A such that F{X) < 00. 
If F{X^ax) ^ then 



(47rt)3/2 



k=l 



^max- 



again we find 

If F{Xmax) = then fix this value Xmax as Aq. Determine S = iii2sinip using the 



following limit 



2 1„„ (4^y^-tr(J/..) -vol(iV,) ^ 



and, therefore, h = 2vo\{N2)/S. 
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(2) Now we determine the plane lattice {£i,£2} generated by vectors £i and £2. Using 
Theorem 121 in case of N2 we observe that £3 = h -\- ^{£1 + £2) , where h is orthogonal to £1 
and £2, h = (0, 0, h). Hence, 



g-|Mi+m£2+n£3r/4t 



m,k,ni 

g-|Mi+m£2 + f (£i+^2)+n/i|V4t ^ ^ 



|Mi+m£2 + t(£i+^2)+n/i|V4t ^ \^ ^~(\kli+nil2 + ^{li+l2)\'^Wh'^) / it 



m,k,n(i'li m,k,n(iX 

Now we split 5*1 in two sums S'n and 5*12 corresponding to n = 2j and n = 2j + 1. 

S^^= ^ g-(|fe£i+m£2 + f(^i+£2)P+n2/i2)/4t| ^ ^„(|Mi+m£2 + |^(^i+£2)P + (2i)2/i2)/4t 

m,k,n&X m,k,j^Z 

= e-(|{fc+i)£i+("i+i)£2p+{2j)2h2)/4t ^ ^g-j^hVtj^ ^ e-|{fc+i)£i+(™+i)£2|V 

m,k,j(i'L iSZ m.ka'L 

+00 

= ^e-i'/»Vtj^ ^ g-|fe£i+m£2p/4tj ^ g-|fc£i+m£2p/4i^2^e-^'''''/*(^ Y e"'^' 

jeZ m,k& m,keZ j=l m,keZ 



g-(|{A:+i)£i + (m+i)£2+|(£l+^2)P+{2j+l)2h2)/4t 



m,fc j'SZ 

^g-{2j+l)2/i2/4t ^ ^ ^-\{k+j)li+(m+j)l2 + \{^i+e-2)?/'^i 



^g-(2j+l)2/i2/t^ ^ ^_|Mi+m£2 + |(^l+£2)|V4t 

jez m,fcez 

+00 

= 2^e-(2^+i)''^'/*( Y 

j=0 m,k£Z 



(2j + l)2/l2/t ^_|fc£i+m£2 + f (^l+£2)P/4t 



Thus, we have the following 



2yoKiy2) >^ (2j+i)2,j2/^ / -|fc£i+m£2 + |(^i+£2)|V4t 

I ^1^2 sin ^ g-((fi(m+|)+n^2COS¥>)2+{n£2sin(^)2)/4t 



+ 00 



I ^l<^2Sm(p >^ ^_((^,m+(„+i)^2cosv:.)2 + ((„+i)£2sin<^)2)/4t 
m, ) 
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In order to determine the plane lattice {£±,£2} we consider the limit 

nx, ^ Urn 

where 

tr*r^ )-fr(H ) 2vol(iV,) ^ 

We find Amax — the largest positive value A such that F{\) < 00. 
Consider the case F{\max) 7^ 0. If 



_ 2vol(Ar2) (2i+l)2hVt 



then Xmax = min {mli +n£2 + +-^2)}, otherwise, Xmax = min {m£i +ni2}. Knowing 
Xmax, we put in the first case 

tr-(i/.,):=tr-(i/„,)-i^5: 

and in the latter case 



tr (ii^^J .-tr [H^,) ^^^^y/^e + ^^^^^3^^ ^ 



Then we determine the next value A^ 
If F{\max) = then put 



tr-(ff„,):=tr-(i/.,)-i=; ^ 



and determine the next value Xmax- 

Thus, we obtain the plane lattice {£1, £2} = {m£i + n£2, m,n E Z}. To complete the 
proof in case of N2 we observe that a lattice {£1, £2} in is determined up to isometry by 
its shortest length, the shortest length of a linearly independent lattice points, and the area 
of the parallelogram they span. Since all of these parameters are determined from tT{HN2), 
this proving Lemma El in case of N2. 



4.5 Manifold N3 

Assume that the fundamental set of the manifold is formed by linearly independent 
vectors -61/2, -£2/2 and £3 (see §6, Fig. 10). From Theorem |21 in case of N3 we see that 
€1, £2 and £3 are mutually orthogonal. Let £1 = (£i,0,0), £2 = (0,^2,0) and £3 = (0,0, £3) 
with respect to the orthonormal basis ei, 62, 63. Observe that isometry classes of A^3 are 
parameterized by vol(A^3), ii and £2 or £3. (Theorem El). 

Now we find as in previous cases all these parameters from the trace function tT{Hi\i,^), 
namely, we will show that tr^H^^) determines ii, £2 and £3. 
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Let 

^ (4.«)3/H.(/^v )^vol(iV3)^ 

Hence, 

F(A) = Hm (vol(iV3) (2e^^'-'^y^' + 2e(^'-^')/^* + 2e(^'-^3)/4t + . . . j 

mSZ m,n6Z 



Find Xmax — the largest positive value A such that F{X) < oo. We have the following cases: 
(i) F{\ma.) and (ii) F(A^„,) = 0. 

Consider case (i). In this case X^ax — -^s- Consequently, we have £1^2 = 4vol(A^3)/^3. 

Let 

7ittr{HNs) - E e-"^'^i/4* 
Fi(A) = lim ^2 /A^^^'^ ■ 

Hence, 



We find Amaa; — the largest positive value A such that -Fi(A) < 00. 

Observe that Xmax = min{£i/2, £2/2}. If Fi{Xmax) = ^ then X^ax = hf^, otherwise, 
Xmax — -^1/2. Thus, in case (i) the trace function tr{HN^) determines all parameters of the 
fundamental set of Ns. 

Consider case (n). In this case Xmax — min{£i/2, ^2/2}. Let 



Hence, 

<VOl(iV; 



meZ m,n£Z 

m.feeZ 
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We find Xmax — the largest positive value A such that F{X) < oo. Fix Xmax as Aq and 
F{Xmax) as /o. We have two cases: (1) Aq = ^i/2 and /o = ^; (2) Aq = £2/2 and /o = 
Let 

J, ^^rr. (47rt)^/nr(g^3)-vol(iV3)-A 

where 

m,fe£Z 

Consequently, in case (1) we have 
Fi(A) = ^hm^ (vol(iV3) (2e(^'-^?)/^* + 2e(^'-^^)/^* + 2e(^'-^i)/^* + • • • ) 

In the latter case we have 
Fi(A) = ^hm (vol(iV3) (^2e(^'-^i)/^* + 2e(^'-^')/4* + 2e("'-^i)/^* + • • •) 

Find Xmax — the largest positive value A such that Fi(A) < 00. If Fi{Xmax) 7^ then 

tr(ff.3):=tr(H„.)-2^ge-«.'.../- 



again we find Xmax- If -f^ilAmaa;) = then consider 



7rnr(//^3)-^ 



Hence, in case (1) we have 
F,(X)= hm f2e(^^-^?V4t + 2e(^^-^i)/^* + 2e(^^-^i)/^* + .-.) 



' ^ ^ 16 

meZ m,n6Z 

in case (2) 
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Find Xmax — the largest positive value A such that F2{X) < oo. Observe that Xmax = ^i/2. 
Here we have used that in the first case ii = min{£i, £2}, in the latter case £2 = niin{£i, £2}- 
Again we consider 

Hence, 



^ 8 ^ + 16 



^ ^(^2_((„+l)2^2+fc2^2))/4, 



-3 



16F(Ama3:) 



16 

Find Amax — the largest positive value A such that F{X) < 00. 

Observe that Xmax = niin{£i/2, £2/2}. Since we know the value £1 then 

if Xmax = ^1/2, and Xmax = £2/^ if Xmax 7^ ^l/2. 

Thus, in case (ii) the trace function ti^HN^) determines all parameters of the funda- 
mental set of A^3. Lemma El in case of is proved. 

Remark. Lemma El in cases M3, M5, A^^i and A^4 is proved similarly to cases M2, M4, N2 
and correspondingly. 

Lemma El is now proved. □ 

With this we now prove Theorem B. Observe that the trace functions of isospectral 
compact Riemannian manifolds coincide (PropositionEl) and the trace function ii{HM) deter- 
mines all parameters of the fundamental set of the corresponding manifold M, consequently, 
it determines, up to isometry, the manifold M (Lemma E]). 

Theorem B is now proved. 

5 The proof of Theorem C 

Theorem C. There is a unique family of pairs of isospectral non-homeomorphic flat 3 - 
manifolds which consists of manifolds M4 and Mg. 

Proof. In order to proof Theorem C it is sufficient to verify that the trace functions tilHMi) 
and tr (i^Me) coincide under given values of the parameters of M4 and Mg, since the spectrum 
of the manifold M is exactly determined by the trace function ti{HM) (Proposition 0}. 
Using Theorem A in case M4 and Mq we have 

^ ' leA ^ mez ^ nez 
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^ ^ 66Ai ^ meZ 



^ -(fe+|)2fei/4t 

neZ V. V " - i^^^ 

Here A = = mi^i + m2£2 + ^s-^s? rrii & Z , £j G M'^, i = 1,2, 3} is a lattice for 
the torus 4-fold covering M4, where mutually orthogonal vectors £i/4, £2 and £3 form the 
fundamental set of the manifold M4, £1 = (£i,0,0). Similarly, Ai = {6 = mibi + 771262 + 
m^bs, rrii & Z , bj G R^, i = 1, 2, 3} is a lattice for the torus 2-fold covering M2, which in 
turn 2-fold covers the manifold Mq. Vectors 6i/2, 62/2 and 63 form the fundamental set of 
Me, 61 = (61,0,0), 62 = (0,62,0) and 63 = (0,0,63)- 

Observe that if 62 = £1 then sums 



Jl^y e-(-+m/^^ and 



coincide. 

Also we notice that 



-{-2m+i)'^(£i/2)V4t 

-(fc+i)2(fi/2)2/4t 



= ^g-(2m-i)2(£i/2)2/4t ^ ^g-((2m-l)+i)2(£i/2)V4i ^ - ^ 

mez mez ^ fcez 

Now it is easy to verify that if 61 = 63 = £i/2 then we have the following equality. 

^1/^ V e"{fc+|)'(^l/2)V4t ^ ^1 y^ g-(™+|)26?/4t ^ ^3 g-(fc+|)^f'i/4t 

4V^lk 8v^.^z 8v^6^ 

We are left to check the coincidence of the following sums 

vol(M4) ^^_l,|2/4, yoKMe) y- ^_|5p/4t 

(47rt)3/2 ^ (47rt)3/2 ^ 



Since Vol(M4) = Vol(M6), we have 61 = i, where i = {l^l = l-^sl (Theorem din case of 
M4). Here we have used that vol(M4) = iii^/4:, vo^Mq) = 616263/4. Consequently, ii = 2£. 
This gives us that lattices A and Ai are the same. 

One-parameter family of pairs of isospectral non-homeomorphic compact flat 3-manifolds 
which consists of manifolds M4 and Mg is constructed. Here the fundamental set of M4 is 
formed by vectors -£1/4, £2 and £3, where |.^i/4| = i/2, \£2\ = \£3\ = i. The fundamental set 
of Me is formed by vectors 6i/2, 62/2 and 63, where |6i/2| = i/2, \b2/2\ = {b^l = i. 

Using the explicit formulas of tr(ifM) of compact flat 3-manifolds M (Theorem A) it is 
easy to verify that other examples of isospectral non-homeomorphic compact fiat 3-manifolds 
do not exist. 

Actually, it suffices to notice that the trace functions of non-orientable manifolds con- 
tain terms with coefficient j as distinct from the trace functions of orientable manifolds 
which have the largest power with respect to t equals to Also observe that equality of 
volumes of the manifolds and lattices of their covering tori give us supplementary conditions. 

Theorem C is now proved. 

□ 
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6 Appendix 

6.1 The explicit formulas for the trace functions 

Table 1 



Ml 


TP _ vol(Mi) -|£|2/4t 

A is a lattice for the fiat torus Mi = R^/A 


M2 


p _ vol(M2) %p „-|£P/4t 1 £1 V- „-(m+i)2^?/4t 
^2 - (47rt)3/2 2^ ^ 1 4A/it 

A is a lattice for Mi, which is a two- fold covering of the manifold M2. Here vectors 
£1/2, £2 and £3 form the fundamental set of the manifold M2, £1 = {li, 0, 0) 


M3 


p _ vol(M3) -|£|V4t , ^1 -(m+i)2^f/4t 

A is a lattice for Mi, which is a thrcc-fold covering of the manifold M3. Here vectors 
£1/3, £2 and £3 form the fundamental set of the manifold M3, £1 = (£1, 0, 0) 


M4 


p _ vol(M4) -m^lAt 1 -{m+\)'HllU , V- ^-{n+'k)'^iyu 

A is a lattice for Mi, which is a four-fold covering of the manifold M4. Here vectors 
£1/4, £2 and £3 form the fundamental set of the manifold M4, £1 = (L, 0, 0) 


Ms 


^ ^ £eA mez 

nez fcez 

A is a lattice for Mi, which is a six-fold covering of the manifold M5. Here vectors 
£1/6, £2 and £3 form the fundamental set of the manifold M5, £1 = [ii, 0, 0) 
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Table 1: continue 



Me 


p _ vol(M6) -\t\VU 1 h ^ -{m+\)HyAt 

nez feez 

A is a lattice for Mi, which is a two-fold covering of the manifold M2, which in turn 
is a two- fold covering of the manifold Mg. Here vectors &i/2, £2/2 and £3 form the 
fundamental set of the manifold Mg, £1 = (^1, 0, 0), 4 = (0, 0) and £3 = (0, 0, 4) 




p _ vol(Ari) „-|£|2/4t 1 tii2sinip (m+i)+^2n cos c^l^^^^^^ sin (p)^! /4t 
~ (47rt)3/2 1 87rt ^ ^ ' 

A is a lattice for the fiat torus Mi = M'^/ A, which is a two-fold covering of the 
manifold Ni. Here vectors £i/2, £2 and £3 form the fundamental set of the manifold 
A^i, ii = (£1,0,0), £2 = {£2 cos ip, £2 sin ip,0) and £3 = (0,0,^3), where (p is an angle 
between £1 and £2, < 9? < tt 


N2 


p _ Yo\{N2) -|£|2/4t 1 ^i^2sin^ ■sp „-\(e^(m+h)+ne■2Cosv)'^+(ni'2sinlfi)'^/4.t\ 

£eA m,ne1 

1 ^i£2sin9j \£^rn+(n+i]e2Cosifi)'^+((n+h)hsmv>)^ /U] 
1 167rt 

m, ngZ 

A is a lattice for Mi, which is a two- fold covering of the manifold A^2- Here vectors 
£1/2, £2 and £3 form the fundamental set of the manifold A''2, £1 = {£1, 0, 0), 
£2 = {£2 cos(p, £2 sin 0) and £3 = {^{£1 + £2 cos<^), ^£2 sin ip, h), where (p is an angle 
between £1 and £2, < ip < n , h is a. projection of £3 on 63 


Ns 


^3 - (47rt)3/2 ^ ^ 1 sV^ ^ 
1 167rt ^ 167rt ^ ' 

A is a lattice for Mi, which is a two-fold covering of the manifold M2, which in turn 
is a two-fold covering of the manifold N3. Here vectors -^i/2, £2/2 and £3 form the 
fundamental set of the manifold N3, £1 = {£1, 0, 0), £2 = (0, £2, 0) and £3 = (0, 0, £3) 




p _ vol(Ar4) y^ 1 h y- -[{m+\)HlyAt 

^ ' £eA mez 

1 ^1^2 y- „-[elm''+el{n+^)^]/4t , ^1^3 V p-[^?{'"+5)'+«3(fe+5)'l/4t 
1 167rt ^ 167rt ^ ' 
m,n6Z m,fc6Z 

A is a lattice for Mi, which is a two-fold covering of the manifold M2, which in turn 
is a two-fold covering of the manifold iV4. Here vectors -^1/2, £2/2 and £3 form the 
fundamental set of the manifold N4, £1 = (£1, 0, 0), 4 = (0, £2, 0) and £3 = (0, 0, £3) 
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6.2 The fundamental sets of flat 3-manifolds 



Here we give figures of tfie fundamental sets of flat 3-manifolds. In order to obtain a ma- 
nifold M one must glue faces of the corresponding fundamental set M* which are labelled 
with the same letter. 




Figure 2: The fundamental set of Mi 









1 






03z \ 


V2 




Figure 3: The fundamental set of M2 and covering torus Ml, Ml M2 




Figure 4: The fundamental set of M3 and covering torus Mi, Mi M3 
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